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Till now nearly all papers about the Bhabba equation treat equations with a mass term m1.
This is merely a matter of mathematical simplicity, because we will see in this work that important
physical fields can only be described by a mass term ==m 1. The second aim of this publication is
to derive a constructive procedure for the calculation of the representations of the Bhabha equa-
tion and the tensor and spinor field equations, which are equivalent to them.

1. Invariant Wave Equations

Because a differential equation of any order is
being equivalent to a system of first order dif-
ferential equations the field equation of a free field
without subsidary conditions can be written in the
form:

1
(7ﬂ”%4<M>w=0- (1)

The invariance of this equation under infinitesimal
Lorentz transformations

Y =0+1ieSmm)y (2)
yields [1]:

[Sim, 1] + Br (911 O — Gms 1) = 0, (3)

[Sim, M]=0 (4)
(we use the convention: g;; =g¢22=¢33= —goo=

—1, gix =0 for ¢ = k). The six S;, fulfill
[Sim, Skp] = + Imk Slp + glpSmIc
— glkSmp e gmpSlk )
kl,m pe{0,1,2,3}. (5)
The S;» can always be choosen in block-diagonal

form and then (4) tells us that because of Schur’s
lemma M is a diagonal matrix.

* This publication is based on the author’s dissertation
[4]. The first version was received September 26, 1980.
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In order to get the explicit form of the matrices S;y,
and f; in a simple manner, one has to make a
further assumption. There are two ways to achieve
the same result:

1) Put
Bi=2845, PpI=84, gaa=—1,
g5 =94 =0,

j€{0,1,2,3}.
Now (3) has the same structure as (5) and demand-
ing

[Sar, Sam] = — g2aSim = Sim (6)
(3), (4), (6) can be written:

[Slm,Slcp] = gmkSlp - glpSmk - glkSmp

= gmpSlka
k,l,m,pe{0,1,2,3,4}.
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That is why the S;;;, and the f; together are the
generators of the 5-dimensional Lorentz algebra or
of the Bs Lie algebra.

2) We demand, that the S;, and the §; are the
generators of a (half) simple Lie algebra. From (5)
we conclude

[¢812,830] =0 (7)

and (3) tells us, that

= —=(—

V2

1
72‘ (4841 + Sa2),

1841 + Sa2),

1
1 =VQ‘(S43+S40),
1
yi= vz (Sa3 — S40) (8)

are step operators to H; =1S12 and Hz = S30. The

arrows indicate the directions in the H; — H plane,

in which the operators shift. But then the com-

mutator relations between these operators are

fixed [2] and therefore between the 8; too, namely

(6). (1) and (6) together are called Bhabha equation.
The remaining S;,, form step operators too:

/ _ Sa3 + 820+ 1831 + iS;m

2
/ Sa3 — 820 — 831 + 1S
v 2 ’
\__ S23 4 S20 — 1831 — ¢So1
= > ,

S23 — S20 + ©831 — 1801
\ - . )

2

Together with
[y 2] =iy,

/s /1=H1+ Hq,

[‘l’T] =H27
KNoNl=H1—H;

all informations about the commutator relations
are contained in the following diagram due to the
fact that the commutator between step operators
is zero or a step operator with the sum of the eigen-
values.

X

(10)

The numbers give the position of the operators in
the commutator. From the diagram you get for
example:

Ne=[—{].

The theory of Lie algebras now tells us that for
any nonnegative integers 1, ls there is a integer d

d=U+1)+1)1+ 30+ k)
-(1432h 4+ )

and a d-dimensional representation of the Bs-
algebra

{ﬂj,Slm,M}ECdzd.

We denote them by
Da(ly, 1) .

A different common denotation is
Rs(ly + %12, %10s).

The following table gives the dimensions of the
lowest representations.

In the case ly odd, the representation D(l;, l2)
contains coupled spinor fields, and in the case Iz
even tensor fields. The symmetry type of the ten-
sors follows from Weyl’s branching rule [3]:

Bs(lh + $12, 3l2) — Ba(lh + $l2, 3 12)
4+ Ry(li+ 3,3l — 1)+ ...

+ Ry(li + 312, 0 or %)

4+ Ry(l1 — 1+ %12, §12)
+R4(l1—1+%l2,%12—1)+...
4+ Ry(i—1+13l, 0 or 3)

+ Ry(3lz,30l) + Ba(3l, 3l — 1)+ ...
+ Ra(3l2, 0 or 3).
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Table 1. Dimensions of the lowest representations.

Iy

. 0 1 2 3 4 5 6 7

'1

0 1 -+ 10 20 35 I 56 84 120
1 5 16 35 | 64 105 160 231 320
2 14 40 81 140 220 324 455 616
3 30 80 154 256 390 560 770 1024
4 55 140 260 420 625 880 1190 1560
5 91 224 405 640 935 1296 1729 2240
6 | 140 336 595 924 1330 1820 2401 3080
7 | 204 480 836 1280 1820 2464 3220 4096

A irreducible representation of the 4-dimensional
Lorentz group R4(Li, Ls) is in the case Ly even a
tensor, whose symmetry type is given by the Young
tableau [2]:

| Ly i Lo i
oooo --- 0004 --- 00
I R W

The number of squares in the first and second
column of a tableau cannot exceed four and the total
antisymmetric tensor

0
]
a
]

is equivalent to the scalar and

o
]

is associated to [J[J---. Thereforc we may con-
clude that for each tensor we can find a representa-
tion of the Bhabha equation containing it.

The spinor case is much simpler as a irreducible
spinor is symmetric in its dotted and undotted
indices.

2. B, Diagrams

There are two fundamental representations of the
Dy algebra, namely D5(1,0) and D4(0, 1), which
are given by Fig. 1 and 2. We label the roots in the
H, — H; plane by

Hy,H,

or by
A

|Hy,Hs, 4>,

where 4 =(K;, K») is invariant against the 4-
dimensional Lorentz group.

— Ky = >« + <>+ 1+

Ks=HH>
+IONNF N - = /).
We use the convention @ = —a for numbers (see

Fig. 3, 4) and 4 = (K1, — K»).

The numbers beside the squares indicate how
many times you get the neighbouring root after
application of one of the shift operators (8). The
oblique lines have the same meaning, but only
numbers different from 1 are added to the oblique
lines. The operators (8) are combinations of the f;,
while (9) are combinations of the 4-dimensional
Lorentz transformations. That is why roots be-
longing to the same irreducible representation are
connected by oblique lines. The roots are normalized
so that the upwards oblique shifting operators give
a positive multiple of the root in question (and the
downwards shifting operators the negative mul-
tiple) and that for the operators (8) the back trans-
formation gives the negative multiple.

With the aid of the commutator relations (10) it
is easy to compute all numbers contained in such a
diagram. In the case of D5(1, 0) for instance you
have:

—|1,0,4>=0 <«|1,0,4)=a|0,0,B)
—10,0,By = —a|1,0,4>

= —a?|1,0,4)
=——><——|1,0,A>=[~—>,<—]II,O,A>
=—H;|1,0,4) = —1|1,0,4)
>a=+1.

In this manner we computed all Bs-diagrams up to
dimension 35, starting at the highest weigh of the
representation D4 (ly, l3), i.e. the root with the co-
ordinate (I; 4+ 112, 1l2) [4].

3. B, Diagrams and Bhabha Equation

From the definition

d* = V2(i81—t02),
1 1
t‘—“ﬁ‘ (— 03 = Qo) (11)
we conclude
1
—Prdy = —>dt + <—d-+ v F . (12)

1
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This relation allows to connect the Bs-diagrams
with the Bhabha equation (1). We read off from
Fig. 1 the matrix form of the Bhabha equation
D5(1,0):

(13)
mg d- dt - —tF 10,0, B) 0
—dt m [1,0, 4> 0
—d- mi ° |I,0,A> =10]{.
—tt my |0,1,4) 0
+t- mi |0,1,4> 0
We define
g FILO—]10)
V2
1,0 i,0
e — — ] ’l‘—tl__’_),,
i)/2
3 _ I .
¥ 1)/2
wo_ _ |ODF|0D
iV2
= 10,0, (14)

and get a equivalent form of (13), namely the set of
tensor equations

ma® 4+ G¥i=0,

ml?{f;—ajq)z(). (15)
0,1
A
1
7,0 i 0,0 1,0
1 . 1

A : B A

(IO

T

0,7

A

Fig. 1. D3(1,0) 4 = (1,0), B= (4,0).
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Fig. 2. D4(0,1) A=(1,3), 4= (1§).

This is the well known spin 0 DKP equation.

From Fig. 2 we don’t get tensor but spinor equa-
tions. With the aid of the Pauli matrices we com-
pute the spinor form of the gradient:

M =20+ dy=—i)2t- = 02,
=9 — y= )2t = qi,
o8 — 9y 4§ 0p = Y2d- = — i,
=0 —ide=— J2d*=—013. (16)

Now we define

[

p1=g?=|
l

4\ ¢2:_¢1:i|‘%)%’g>a
il — gk = g 1

LA,

roj| RO
(S

and yield the spinor equations equivalent to Fig. 2:
mep+ +0pay* =0,

M5+ 3 0papf = 0. (17)

Now and further we demand not only invariance
against Lorentz rotations, but also invariance
against parity-transformations. Concerning the Bo-
diagrams this means Hs = — Ho, Hy = Hy. That is
why we set m =1. Now (17) is the spinor form of
the Dirac equation.

4. Determinants and the Klein-Gordon Divisor

Before computing more complicated representa-
tions, let us take a further look on Equation (1). If
(1) is satisfied, we can get a scalar wave equation as
(1) implies:

1
det(iﬂ“Cu—f—M)llyzo- (18)
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From the Lorentz-invariance of (1) there follows
the invariance of

W:=det(»;ﬂﬂa,‘+M). (19)

Therefore W contains derivations only in the form
O=2(d+td-+t+¢t). (20)
For practical computation it is allowed to set d+=
d-=d, tt =t—=0. That is why each row of a Bs-
diagram gives a multiplicative factor to W. In the
case M =m1 Bhabha showed that with s=1; 4+ %l
I) Iy even
W = ma©) - (m2 4+ J)ed ..
- (m2 4 (s — 1)2 [)%6-D (2 + 52 [)e0);
II) I3 odd

W= (m2 + {009 (m2 + s2)e®.

a(4) is the multiplicity of the eigenvalue j of f0 [1].
In nearly all papers about invariant wave equati-
ons a(j) is omitted. The computation of W for the
fundamental representation is very easy and yields

W(1,0) =m?(mims + 0O),
W(0,1) = (m? + {[0)2.

mq=0, m; 50 describes a Klein-Gordon particle
with zero rest mass and with W (1, 0)=0. The im-
portance of W relies on its connection with the
Klein Gordon divisor dxg, defined by (x;, not my
are the masses of the fields!):

(21)

n

1
dKG'(Tﬁ”au"‘M):H(D—’KjZ)I.

i=1

If dgg exists, we know how to quantize the fields:

[P (z), P ()]s ~ dxc 4 (x — '),
where A (x — ') is a multimass invariant function
[5]. We conclude from the definition of W:

W == 0 <> The Klein-Gordon divisor exists.

As we can always take a representation in which

M is a diagonal matrix and the f; are nondiagonal,

we may conclude from the definition of a deter-
minant

det (aix) = > o(Per)a g, asy, - .- ayp,
Per

the following result:

1
det M +=0=> det(;. ﬁ” 8,, + /]I) =0

and together with (21) (The determinant is a con-
tinuos function of the m;, in the case m; =m for all
j we must get (21).):

1
I odd »det(Tﬂﬂ au+M> +0

1
lgeven,]VI:0adet(Tﬂﬂau—f—O):O.

Because dx contains at least one d’Alembert opera-
tor for each mass, we see that interaction terms
with fields with high spin and therefore many mas-
ses cannot be renormalizable. But in the case W =0,
a renormalisation may be possible. An example of
this fact gives the representation D10(0, 2) with a
mass matrix, which we will consider now.

5. D190, 2)

The Bs-diagram of this representation is shown
in Figure 3. The tensor equations are
mg A + 0 FF1 =0,
m2F[kj] = (akAj = ajAk) = O, (22)
and
W (0, 2) = m23mz(mzm3z + [J)3.

Okubo and Tosa [6] pointed out, that after intro-
ducing a coulor index and setting mg3=0, my=1

=l
=]

B A
e W Sl
2. V2
Y
'\
Y
_ RN —
1 N a a 1
\
- s s
7,0 = & 0,0 § © 1,0
- S |
B a i ®A | a B
Bl
T V2 a a2 T
"
.\
l\
.\
'\
Ry .\
- S = | i
151 0,1 S PER
1 A 1
-
A B D S
Liams sasnesie Vo155
io. 3. D10(0.2 1 5 3 1
Fig. 3. D0(0.2) 4=(22), A=(23), B=(30); a=775-
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the renormalizable Yang-Mills Lagrangian can be From Fig. 4. we get
written in the form: : :
me s + 35 2% + V2 ¥ Ry =0,

1 .
L= (7 A ou+ M) Pt a0, me 1i+ 1 0598 + V59" i =0,

Further we see, that in the case m3 =0, ma=1, (22) ma Rog, — V5 (35, a + 03 @)
describes the charge-free Maxwell equations. — 1000 o B ﬁd'Ga{' ) =0,
6. The Spin § Equations m2 Gy — 113 Qui 215 + % 15)

— 3(% Ray; + 0% Rgpp) =0,
There are two representations of spin §,D16(1, 1)

and D20(0, 3). Here and in the following the (dotted W(1,1) = (mg + iD)‘i(TQfT my
or dashed) lines beside the numbers indicate which + [30mamg + 9m3 + mg) ile‘ O
root they refer to. + mzmi)2.
1.3 P
2_2 a 2 2 .
A -

3.1 7,1 iadld o1
5 D : 1 ; 2 2
A i i KB |7 AL
Toalog vz
a a
3.1 1,1 BIE| 1 3.1
22 _: 2 i 22 I_ 3 &
A C : —A-,B 'fld; E,A C x
.............. - ._lE - et
1,3 1,3
2 2 ‘a 2_2
A
. " (s 5 =( 3) _( i) _( _’3_) _ o, _¥5
Fig. 4. D16(1,1) 4 (2,4),.4 2,5) B=(6,7), B=(6, o=z, b=5,c=12,
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3,3 o3 =: L3 3.3
22 a 2 2 v2: 22 ia 122 ¢
B A Pooa i B
a
P31
i 22
A
2
3,1
22
A
a a
3:_3_ i'z § llz .:_;.'E
22 :, 22 i 22 a 22
B A $ A B
, 5\ - 5 5% » e V3 1
20 — e = = = i == S =l = —,
Fig. 5. D20(0,3) 4 (5,4),A (5,4),3 (3, 4),3 (3, 4),a =15
Figure 5 gives the equations In the case mg= —3ms we get W (0, 3)=9%(m?

. Ak P -+ } )10 and therefore the fields describe a particle
m5 Rogy — (0 Gpis + 0o Ga;/%) with one spin and one mass, which is impossible
- adi' Vags =0, with a mass term m1!
5 Gagy — (0% Ry, + 0% Booj) - he Soin 2 Eeui
. . The Spin 2 Equations
+ V2 8,8 Bsz=0,

1 The simplest spin 2 representation is D14(2, 0)
mg Vg, — ?—V? with the diagram given by Fig.6 and with the
field equations:

miop + )294;=0,

myd; — V309 + kg =0,

mahiy — (O Ak + O dj) + 391804, =0,

W(2,0) = m5 (mems + ()°
5mg 4 3myo

a).

) 1
s Bidi = 375
(0% Gapy, + %G5+ 0% Gasg) = 0,

W(0,3) = (m + }00)2
(1502 + (3mams + m3) 0 + mim3)3.

: (mz mymiyo + 5
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0,2
A
iz 7 5
1,1 0,1 171
1 1
A B A
L vz
270 140 2,0
/2 ' vz '
A B A
1
/2 V2
T 0,7 Vel
1 1
A B A
/2 V2
V2
0,2
A
1 V5

; 14 - = — L .
Fig. 6. D14(2,0) 4 = (2,0), B=(7,0), C=(10,0); a =75, b 5 -

Figure 7 describes D35(1, 2) with the field equations:

2 ,
mgd; + l/g O Hy; + )20 F; =0,
mgFjx — |/2(0jAx — 0 Az) + O Ty =0,
2 1 1
moHyx — Vg (Oxdj + 0;4%) + ﬁgﬂc(alfil) — T/?al(Tﬂk + Txiy) =0,

1 1
m3 T g — ry (20 Fjx + 0jF i + 01 Fgx) + r} 0" (gkj Fni -+ gr1 Fyn)

3 11
4 %“ (0jHyy — 01 Hjx) — 7—3*? 0" (gxyHut — griHyn) =0,

W (1,2) = m§(mamg + [J) (mgmy + [1)%(mgms + [J)3
- [m3mgmymg + (mamg + 2mgmg + § mgmeg + § mgms) (1.
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2,0 1,0 Ia‘ 2,0

B B,C i; B

vz TelelVvs 27
~/2‘ib; N,

1 .\. 1
............ \-— e -
groeeee : "

21 1,1 l 2,1

A G T Ia | =
e CRon = Pt —

./
7
N, a
------------- \‘\--—-—a-—-/.
P oew | |
P 1,2 & _ 0,2 1,2 *
7 1 |
A B i A
. o V3 1 1
Fig. 7. D35(1,2)A=(3,3),A=(3,§),B=(4,O),C=(8,2),U=(8,2),D=(9,O);a=ﬁ,b=V—Q_,c=ﬁ,

From Fig. 8 we compute the tensor equations of D35(0, 4):

mgHyy — 0Ty + Tryy) =0,

3 1
ma Tent + 7z (0 Hygr — 01 Hyg) — V2 0 (grsHut — griHng) + 0" Crgn =0,
maCOximn — {ak Timn — O Tknm + Om Takt — On T'mrs — 3 ap(lem + Tnpl) Jkm

— (Tlpm + Tmpl) Gien + (Tkpm + Tmpk) Jin — (Tkzm + Tnpk) glm]} =0,

W (0, 4) = mgm3 (mymsg + [1)3(mamy + [0)3(mamymg + (mg + 3ma) [J)3.

For all spin 2 representations there are special mass  of the linearized gravitation theory [7, 4]. It is not
matrices, which allow for an interpretation in terms  surprising that the symmetric tensor H;z may be
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‘3 : 3

Fig. 8. D%5(0,4) A = (7,3), 4 = (7,3), B = (8,0), C = (4,6), T

considered as weak gravitational field. Ty,
which is antisymmetric in the last two indices, is
connected with Freud’s superpotential and Cppun
with the Riemann tensor.
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